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Summary. A new family of mathematical functions to fit longi-
tudinal growth data is described. All members derive from the
differential equation dh/dt=s(¢) . (h; —Hh) where h, is adult size and
s(1) is a function of time. The form of s(¢) is given by one of many
functions, all solutions of differential equations, thus generating a
family of different models.

Three versions were compared. All were superior to previously
described models. Model 1, in which s(¢) was defined by ds/d¢r=
(s, —5)(s—s,) was especially accurate and robust, containing only
five parameters to describe growth in stature from age two to
maturity.

Derived “‘biological” parameters such as Peak Height Velocity
were very consistent between these three members of the family
but, in some cases, differed significantly from previous estimates.

1. Introduction

In any of its varied aspects, the nature of growth makes it a suitable candidate
for mathematical methods of description and analysis; this is especially true of the
individual growth curve. The problem to be studied here is the fitting of relatively
simple mathematical models to growth curves of individual children.

There are two main reasons for this type of study:

(i) By reducing large amounts of growth data to a small number of parameters
for each individual, considerable parsimony may be achieved. It is then possible to
compare individual with individual and, often more importantly, population with
population, using the parameters derived from fitting the equation(s). This may be
helpful when data are collected at irregular intervals or when, for example, measure-
ments on every subject are not available at every age.

(ii) Insight may be gained into functional relationships within the growing
process. The parameters provide numbers that may also be used to examine relation-
ships between the physical aspects of growth and other observations, e.g. biochemical
concentrations, maturity indices, etc.

There have been many attempts at representation of the growth curve by mathe-
matical functions. The complexity of its shape has inevitably made the approaches
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varied and, until recently, attention has been concentrated on parts of the curve
rather than the whole (Count, 1942, 1943; Jenss and Bayley, 1937; Deming, 1957;
Marubini, Resele and Barghini, 1971; Marubini, Resele, Tanner and Whitehouse,
1972; Tanner, Whitehouse, Marubini and Resele, 1976). Sometimes two or three
functions have been combined to cover the whole curve.

Linear models, principally high-order polynomials (Joossens and Brems-Heynes,
1975) have been used, and also smoothing spline functions (Stiitzle, Gasser and
Largo, 1976), but these suffer from the problem of large numbers of parameters
with no clear meaning. Attempts at developing specific non-linear functions to cover
all ages have recently been made by linear summation of two or three logistic functions
(Bock, Wainer, Peterson, Thissen, Murray and Roche, 1973; Bock and Thissen,
1976). The former of these suffered with considerably poor fits in particular parts of
the growth curve; the latter was better but contained a rather large number of
parameters.

The aim of the present study was to develop a new function or family of functions
that could describe the whole growth curve. We required that the fit should be better
than previous models but, as far as possible, retain relatively few parameters. Five
or six parameters felt to be a maximum if adequate representation could be achieved
within this constraint.

2. Methods and subjects
Mathematical models

A detailed description of the mathematical derivation of the new models is
given in the Appendix. They share the parent differential equation:

dh
a=s(t) . (hl —h)’

where 7 is height at time ¢, 5, is final (or adult) height and s(¢) is a function of time
which differs between the models.
The models take the form:

Model 1
3 2(hy —he)
exp [so(t— )]+ exp [s,(t—O)]

-t

where s, and s, are rate constants, § is a time constant and 7, is height at ¢=46.

Model 2
_ (hy —hg)
Y {Lexp [yso(t—0)1+%exp [s,/(1— O) /7

where y is a dimensionless constant and 5," = ys;.

h=h

Model 3
_ 4(hy —hy)
{exp [po(t—0)]+ exp [py(t— O)IH{1 + exp [¢:(1— )]}

where po, p, and g, are rate constants similar to s, and s, in Model 1.

h=h,
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For comparison with these three related functions, the model described by Bock
et al. (1973) was also studied. This model, referred to as Model 4, takes the form:

he a 4 Sf—a,
I+ exp[—bi(t—cy)] 14 exp[—by(t—c,)]

where a, is the upper limit of the first component, f is adult height (a fixed constant,
not estimated during fitting) and b, and b, are rate constants. The parameters ¢,
and ¢, are time parameters relating to the first and second components respectively.

In all, therefore, four models were fitted to the individual height/age data of 58
children.

Growth data

The measurements used to compare the models were all from the Harpenden
Growth Study which has been described previously (Tanner ef al., 1976). From the
total number of children measured, 35 boys and 23 girls were selected from those
that had stopped growing in the sense that they had grown less than 1 cm during the
last year of measurement, and had at least two years of measurements available
before the onset of puberty. All measurements of stature were used for each child;
these were six-monthly before puberty, three-monthly during puberty and yearly
thereafter. Every measurement was made by Mr. R. H. Whitehouse.

Computation
The fitting of the equations to the data was done by non-linear least squares
using the maximum neighbourhood algorithm due to Marquardt (1963). This was
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Figure 1. Model 1 fitted to the data of Girl No. 618; Residual Mean Square (RMS)=0-24 cm?,
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implemented in Fortran IV as the program NLWOOD (Daniel and Wood, 1971).

Analysis of the parameter estimates and the goodness-of-fit of the various models
to the data was complicated by the non-linear nature of the models. Tests analogous
to the variance ratios, etc. of linear models are not strictly valid (Draper and Smith,
1966), but “‘pseudo-F statistics have been calculated to indicate the order of differ-
ences seen, although no probability statements have been made. The parameter
estimates, themselves, have been considered as unbiased and normal theory tests
have been applied as usual.

3. Results

The results are presented in three sections. Firstly, the problems experienced in
the actual fitting of the four models are reported. In the second part, a detailed
analysis of the validity of the models is given and, finally, in the third section the esti-
mated parameters are studied in terms of their statistical properties and their relation-
ship with biological parameters.

Computing

Models 1, 3 and 4 were fitted without difficulty. Convergence was achieved in an
average of 7, 11 and 11 iterations for the three models respectively. There was no
evidence of the existence of local minima in any case. A crude test of this was made
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Figure 2. Model 2 fitted to the data of Boy No. 501; RMS=0-20 cm?.
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by fitting each individual by each model twice, using widely differing starting values.
In all cases, the program converged to identical (within rounding error) estimates of
the parameters and test statistics.

In the case of Model 2, however, there were difficulties of convergence even with
the reparameterization mentioned in Appendix Equation 12a. In 15 out of 35 boys
and 6 out of 23 girls, no estimates of the parameters were obtained. In these in-
dividuals, convergence was very slow and yielded non-unique estimates. This latter
point was indicated by different parameter estimates being obtained, depending on
the starting values employed. In all the 21 individuals giving this type of result, there
was a very high positive correlation between /4 and y and a high negative correlation
between 6 and hy. The range of correlation coefficients obtained (directly from the
variance—covariance matrix for each child) was 0-990-1-000 in the former case and
—0-985~—0-997 in the latter. This function was therefore extremely ill-conditioned
and, compared to the other three models, very difficult to implement. A detailed
exploration of the Residual Sum-of-Squares surface in relationship to the various
parameters has not been undertaken and, in what follows, results given for Model 2
relate only to those obtained from the 37 satisfactorily fitted growth curves.

Quality of fit and the validity of the models
Figures 1-4 show examples of a fitted growth curve for each model. The in-
dividual curve selected was determined by seeking an individual who showed a
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Figure 3. Model 3 fitted to the data of Boy No. 128; RMS=0-15 cm?.
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result ““typical” of those obtained for that model. This was assessed by comparing
the Residual Mean Square (RMS) of each child with the pooled within-child RMS
over all observations and choosing the child nearest to that value. These curves,
therefore, are neither the best nor the worst that were obtained. Clearly, all four
models imitate the growth curve moderately well. Model 4, by eye, is the least satis-
factory, but there is little to choose between the other three.
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Figure 4. Model 4 fitted to the data of Girl No. 114; RMS=1-08 cm?>.

A more satisfactory summary of the whole 58 children is shown in table 1, where
the pooled within-child RMS are shown for each model and sex together with their
appropriate degrees-of-freedom (d.f.).

It is immediately evident that Model 4 gives a far less satisfactory fit than any
of the other three, with an RMS approximately fourfold that obtained with Models
1-3. Although Models 2 and 3 give a lower RMS than Model 1, the effect is less
marked. Care must be taken in drawing conclusions concerning Model 2 in view
of the likely bias introduced by the problems of fitting. The RMS values quoted in
the table only represent the 20 boys and 17 girls where the fitting was successful and
it is quite possible that the missing data could alter the picture considerably.

The usual requirements for inference from least squares estimates are that the
residuals are normally distributed, with zero mean and constant variance. Further,
they should be independent. The assumption of normality was valid; this was seen
by studying the normal order plots for each child for each model. The plots of resi-
dual against fitted /& were, however, very suggestive of non-independence of the
residuals; there was no evidence of heteroscedasticity.
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Model RSS d.f. RMS F*
1 268-1 903 0-30
122-4 637 0-19

2 95-9 472 0-20 6-6

645 455 0-14 5-6

3 148-3 868 0-17 20-0

899 614 0-15 9-4
4 1088 -8 903 1-21
483-0 637 0-76

Table 1. Within-child residual sums of squares (RSS),
pooled over each model, sexes separate. Degrees-of-
freedom (d.f.) and residual mean squares (RMS) are
also shown. Boys in top rows.

* “F* calculated from Extra SS due to the sixth para-
meter in Models 2 and 3. Thus,

_ ESS/d.f.

~ RSS/d.f’

The ESS was calculated as, e.g. RSS; — RSS,, giving the ESS

due to the parameter of Model 2. Because of the non-

linearity, the F statistics should be considered only as a guide.
In the case of Model 2, the RSS were only based on the

20 boys and 17 girls in which satisfactory parameter esti-

mates were obtained (see text).

where RSS is that for the model being tested.

The distribution of the residuals was studied further in two ways. Firstly a runs
test was carried out for each fit. As, in most cases, there were more than 20 observa-
tions of one or other sign, the large sample normal approximation of the runs test
was used, which yields a standard normal deviate as the test statistic.

The results of this are summarized in table 2. It can be seen that for all models the
means of the standard normal deviates were significantly below zero, implying that

Mean Standard Number of
standard error normal deviates
normal of the between
Model N deviate mean —1-96and +1-96
1 35 —2-08 0-24 11
23 —1-25 0-25 17
2 20 —1-18 0-35 12
17 —-0-66 0-26 15
3 35 —1-04 0-20 27
23 —0-81 0-24 19
4 35 —3-43 0-20 5
23 —3.23 0-22 3

Table 2. The mean results of the runs tests carried out for each
child, for each fitted model. A high negative value in column
3 reflects an inappropriate low number of sign changes of
residuals about the fitted curve. Column § gives the number
of individuals for whom the standard normal deviate fell
between —1-96 and +1-96, therefore showing the proportion
of individuals who would have had a “negative” runs test if
considered separately.
Upper rows show the results for boys; lower rows represent
girls.
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there were too few changes of the residuals about the fitted curve. By this criterion,
Models 2 and 3 were better than Model 1, but all three were significantly better than
Model 4. Conclusions about Model 2 must be guarded for the reasons given above.

Since it was important to know if any particular part of the growth curve was
especially badly fitted in each model, the residuals for every child were grouped ac-
cording to the percentage of adult height attained. This acted as a rough estimate
of maturity. The group widths were 5 per cent as indicated in tables 3-6. Each table
shows the results for one model, the sexes being considered separately. In the case
of Model 1, there was a tendency for under-estimation of fitted values of /4 until
about 65 per cent of adult height, then a period of over-estimation until 75 per cent
adult height but no clear pattern thereafter. Models 2 and 3 showed no consistent
pattern but Model 4 under-estimated until 65 per cent adult height, over-estimated
until 80 per cent, then repeated this pattern.

Per cent Standard Standard Coefficient
adult Mean error of  deviation of of
height N residual mean residuals skewness
Boys

50-54-9 9 0-33 0-16 0-48 —-0-30

55-59-9 21 0-41** 0-59 0-59 —0-65

60-64-9 54 0-26%* 0-08 0-61 0-62*

65-69-9 81 —0-34* 0-05 0-48 0-43

70-74-9 97 —(-39%** 0-04 0-36 0-44

75-79-9 122 0-07 0-04 0-44 —0-22

80-84-9 187 0-32%* 0-03 0-43 —0-18

85-89-9 165 —0-21%* 0-03 0-39 0-21

90-94-9 123 0-07 0-04 0-46 —0-09

95-100-0 221 -0-01 0-03 0-44 0-41*
Girls

50-54-9 5 0-25 0-21 0-46 0-17

55-59-9 10 0-30% 0-14 0-43 0-22

60-64-9 22 0-05 0-12 0-58 —-0-17

65-69-9 38 -0-18 0-09 0-58 —0-07

70-74-9 61 —-0-13* 0-06 0-43 —0-83*

75-79-9 74 0-06 0-05 0-40 0-00

80-84-9 86 0 15%* 0-04 0-39 0-02

85-89-9 89 -0-07 0-04 0-36 —-0-33

90-94-9 102 -0-07 0-04 0-36 —0-52*

95-100-0 266 0-02 0-02 0-36 —0-12

Table 3. Grouped residual data for all children fitted with Model 1.
* Indicates significance at 5 per cent and ** at 1 per cent levels.

Coefficient of skewness, column 6, was calculated by g, =M;M,3/2 where
M, and M, are the second and third moments of the distributions.

Tables 3-6 also show the standard deviations of the residuals (column 5) and
coefficients of skewness (column 6). In Models 1-3 there was clearly no significant
heterogeneity of variance. Model 4 was less regular, but still showed no genuine
trend. Skewness was not a major problem; what there was was greater in Model 4.

Analysis of parameters

Model 1: Table 7 shows the mean values for each parameter together with the
standard deviations. The correlation matrix for the parameters between children is
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Per cent Standard Standard  Coefficient
adult Mean error of  deviation of of
height N residual mean residuals skewness
Boys

50-54-9 2 —0-08 0-64 0-90 —

55-59-9 10 0-37* 0-15 0-48 0-43

60-64-9 22 0-23* 0-11 0-50 1-20**

65-69-9 38 —0-18* 0-08 0-50 0-42

70-74-9 48 —Q-25%* 0-05 0-37 0-18

75-79-9 65 -0-03 0-05 0-40 -0-29

80-84-9 96 0-18** 0-04 0-39 —0-01

85-89-9 94 —0-09* 0-04 0-39 —0-07

90-94-9 77 0-05 0-04 0-37 —-0-28

95-100-0 141 —0-01 0-03 0-31 0-18
Girls

50-54-9 2 0-34 0-34 0-48 —

55-59-9 4 0-08 0-17 0-34 0-23

60-64-9 12 0-02 0-15 0-53 -0-23

65-69-9 28 0-07 0-10 0-51 —0-44

70-74-9 44 —0-10 0-06 0-40 —0-54

75-79-9 S1 —~0-09 0:05 0-36 0-11

80-84-9 65 0-15 0-04 0-33 0-08

85-89-9 61 —-0-02 0-05 0-37 —0-05

90-94-9 73 —-0-06 0-03 0-28 0-20

95-100-0 217 0-01 0-02 0-28 0-13

Table4. Grouped residual data for the children successfully fitted by Model 2.

Conventions as for table 3.

Per cent Standard Standard Coefficient
adult Mean error of  deviation of of
height N residual mean residuals skewness
Boys

50-54-9 7 —0-44%* 0-20 0-54 0-85

55-59-9 22 0-16 0-10 0-45 0-03

60-64-9 SS 0-15%* 0-05 0-34 0-54

65-69-9 81 —0-10** 0-03 0-31 0-00

70-74-9 97 —0-10** 0-03 0-30 0-33

75-79-9 115 0-05 0-03 0-34 —-0-39

80-84 9 180 0-08* 0-03 0-34 —0-34

85-89-9 177 —0-14%* 0-03 0-33 0-00

90-94-9 123 0-19** 0-03 0-36 0-22

95-100-0 222 —-0-04 0-03 0-41 —0-04
Girls

50-54-9 4 -0-19 0-24 0-47 0-45

55-59-9 10 0-22 0-12 0-37 —0-14

60-64-9 22 0-02 0-17 0-41 0-29

65-69-9 39 —-0-08 0-07 0-43 —0-04

70-74-9 62 —-0-02 0-05 0-37 0-67*

75-79-9 70 0-02 0-04 0-32 —0-20

80-84-9 84 0-04 0-04 0-33 —-0-23

85-89-9 92 —-0-04 0-04 0-35 -0-30

90-94-9 100 0-00 0-03 0-32 —0-22

95-100-0 269 0-00 0-02 0-34 —-0-07

Table 5. Grouped residual data for all children fitted with Model 3.
Conventions as for table 3.
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Per cent Standard Standard Coefficient
adult Mean error of  deviation of of
height N residual mean residuals skewness
Boys

50-54-9 9 1-13%* 0-15 0-44 —-0-37

55-59-9 20 1-16** 0-16 0-70 —-0-84

60-64-9 52 0-54** 0-14 1-00 0-51

65-69-9 68 — - 57** 0-11 0-89 0-91%=*

70-74-9 96 —0-98%* 0-05 g-53 Q- 70*

75-79-9 132 —-0-06 0-07 0-80 0-18

80-84-9 179 0-73** 0-05 0-61 -0-37

85-89-9 157 —0-24%* 0-05 0-67 0-30

90-94-9 141 —0-43%* 0-06 0-70 —-0-14

95-100-0 225 0-97** 0-06 0-83 0-71%*
Girls

50-54-9 3 1-19** 0-15 0-21 0-00

55-59-9 9 1-02%* 0-18 0-53 —0-06

60-64-9 22 0-23 0-19 0-90 0-07

65-69-9 38 —-0-30 0-17 1-03 0-17

70-74-9 59 ~Q-55%* 0-09 0-67 0-12

75-79-9 75 0-03 0-08 0-73 0-38

80-84-9 89 0-57** 0-05 0-48 0-11

85-89-9 78 —~0-16* 0-07 0-63 —0-81%*

90-94-9 105 — (- 52%* 0-05 0-51 —0-61*

95-100-0 274 0-53%* 0-04 0-63 1-07%*

Table 6. Grouped individual data for all children fitted with Model 4.
Conventions as for table 3.

Boys (N=35) Girls (N=23) Boys less Girls
Mean SD Mean SD Difference SE
hy 174-6 6-0 1634 51 10-2%# 1-5
ko 162-9 5-6 152-7 5.2 10-2%* 1-4
So 0-1124 0-0126  0-1320  0-0181  —0-0196**  0-0040
54 1-2397  0-1683  1-1785  0-1553 0-0612 0-0438
9 1460 0-93 12-49 0-74 2-11%* 0-23
h1 he Y 51 /]
I 0-97 0-08  —0-09 0-07
ho 0-97 0-29 0-04 006 @=00
so =017  —~0-07 060 —0-33 Boys, 0-43
si =025  —0-20 0-66 ~0-27 Girls, 0-53
9 0-11 026 —0-33 —0-34

Table 7. Mean values for parameters of Model 1. In the correlation matrix the
upper right triangle contains the correlation coefficients for the girls, the
lower left triangle those for the boys.

* and ** indicate significant levels of 5 per cent and 1 per cent respectively.
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also shown. The sexes were treated separately. Note that A, hg and 8 were signi-
ficantly greater in boys whereas s, was greater in girls; s; did not differ between the
sexes. The most striking correlations between parameters were 4, and 4, (0-97 both
sexes) and s, and s; (0-60 and 0-66).

Model 2: Comparable data to those above are given for Model 2 in table 8.
Only the 20 boys and 17 girls in whom stable fits were achieved have been considered.

Boys (N=20) Girls (N=17) Boys less Girls
Mean SD Mean SD Difference SE
hy 175-8 6-6 163-7 4-1 12-1%* 1-8
ho 159-5 7-4 151-4 6-7 8-1%* 2-3
So 0-1210 0-0198 0-1379 0-0194 —0-0169* 0-0065
sy 1-8780 0-7615 1-4879 0-4888 0-3901 0-2148
[/ 13-94 1-19 12-13 1-11 1-81*# 0-38
bi 2-2145 1-5062 1-4843 0-9243 0-7302 0-4201
hy he Sa s17 0 Y
hy 0-72 0-24 —-0-08 0-13 —-0-11
ho 0-53 0:09 —-0-67 0-62 —-0-72 7 (@=0-01)
So —0-36 —0-33 0-36 —0-41 0-24 Boys, 0-56
sy —0-09 —0-65 0-70 —-0-73 0-96 Girls, 0-61
[/ —0-09 0:63 —0-30 —0-60 —0-74
v 0-23 —0-60 0-29 0-84 —0-64

Table 8. Mean values for the parameters of Model 2, for the 37 children success-
fully fitted.
Conventions as for table 7.

Boys (N=35) Girls (N=23) Boys less Girls
Mean sSD Mean sSD Difference SE
hy 174-0 5-8 163-2 4-9 10-8** 1-5
ho 164-0 57 153-8 5-2 10-2%* 1-5
Po 0-0880 0-0257 0-1103 0-0260 —0-0223** 0-0069
D1 0-2245 0-0795 0-2351 0-1122 —0-0106 0-0345
q: 1-3676 0-1743 1-1513 0-1794 0-2163** 0-0473
0 14-75 0-98 12-66 0-86 2-09*%* 0-31
hy hy Po D1 q1 0
hy 0-94 0-21 —-0-09 002 —-0-01
hg 0-95 0-11 0-23 0-21 0:19 r (¢=0:01)
Po —-0-05 —-0-05 —0-55 —0-20 —-0-55 Boys, 0-43
P1 —-0-05 0-17 -0-70 0-58 0-63  Girls, 0-53
¢ —-0-24 —-0-10 —-0-31 0-41 0-33
[ 0-10 0-32 —-0-32 0-35 0-24

Table 9. Mean values for parameters of Model 3.
For description of correlation matrix, see legend to table 7.
Conventions as for table 7.
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Much the same pattern as for Model 1 was seen with 4,, hy and 6 being greater in
boys but sy being greater in girls. Once again, s, was not different between sexes.
The value of y was not significantly different between boys and girls, but in both
sexes it was significantly greater than 1.

The correlation matrix showed much larger correlations between the para-
meters in this sub-sample, with the greatest dependence being between s,’ and y in
both sexes.

Model 3: The data for this model are shown in table 9. The pattern was again
very similar to Model 1 with the same type of differences between the sexes. Once
again, the correlations between parameters showed the same pattern as for Model 1,
with a return to more orthogonality than in Model 2.

In eight boys and nine girls there was no improvement in fit compared to Model 1,
and in these individuals substitution of the parameters into Model 3 and simplifica-
tion led to the same parameter estimates as were obtained in Model 1.

Model 4: The data from the last model are shown in table 10. In the case of the
girls, one individual has been left out of the calculations as, in her case, the para-
meter estimates were extremely discordant with those of the other girls and the
variance was spuriously elevated. There was no very clear pattern to the parameters;
f, a, and ¢, were greater in boys, b, was greater in girls and ¢, did not differ between
sexes.

Overall, the numbers were too small to draw strong conclusions about the distri-
butions of the parameters in any of the models. From normal plots, however, it
could be seen that there was no strong reason to reject a normal distribution of the

Boys (N=35) Girls (N=22)} Boys less Girls
Mean SD Mean SD Difference SE
f 174-1 6-0 163-3 49 (163-2) 10-8*# 1-5
a; 148-1 59 1366 6-1 (156-8) 11-5%* 1-6
by 0-3089 0-0619 0-3860 0-0705 (0-3931) —~0-0771** 0-0175
¢ 2-1435 1-1010 1-8175 0-9434 (1-9304) 0-3260 0-2335
b, 1-0712 0-1871 1-0125 0-1379 (0-9980) 0-0587 0-0456
c2 13-7324 0-8373 11-6542 0-6171 (11-3567) 2-0782%* 0:2042
f a; by [ b, C2
f 0-88 -~0-18 —-0-20 0-03 —-0-16
a, 0-80 ~0-05 0-10 0-31 0-01 r (@=0-01)
by 0-06 —-0-10 0-79 0-38 ~0-23 Boys, 0:43
¢ 0-11 0-13 0-87 0-51 0-28 Girls, 0-54
b, —0-16 0-04 0-53 0-60 -0-08
¢ 0-14 0-45 -~0-04 —0-04 -0-30

Table 10. Mean values for parameters of Model 4.
Conventions as for table 7.

+ One observation left out (F121) as parameter estimates, especially a,, were very non-typical.
Means calculated with all 23 values are shown in brackets. The correlation matrix is composed
of estimates based on 22 values for girls.
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population parameters except for y in Model 2, p, in Model 3 and b, in Model 4
where log-normal distributions seemed more suitable. In further analysis, however,
conventional normal theory statistics and tests were employed without any trans-
formation.

As the parameters of the four models were estimated separately for each model,
and therefore had no a priori relationships between models, despite sharing the same
nomenclature in some cases, immediate comparison between models was relatively
meaningless. A more useful approach was to convert the parameters into a selection
of biological parameters (which are effectively a series of linear combinations of
the model parameters) and then compare these estimates.

Tables 11 and 12 list the biological parameters calculated and give the mean,
standard deviation and extreme values for each parameter, as caiculated via each
of the four models. One-way analysis of variance was used to compare the means
of each parameter from each model. Only five showed significant differences; these
were velocity at Take-Off (TO); height at Peak Height Velocity (PHV); height in-
crease TO to PHV and percentage of adult height at PHV (these in both sexes) and
velocity increase TO to PHYV in girls only. By inspection, it was clear that in all cases,
the extreme values were obtained from Model 4 and therefore a series of linear
contrasts were set up to specifically show this. In this way estimates from Model 4

Model 1 Model 2 Model 3 Model 4
Adult height (cm) 1746 (6-0)  175-8 (6-6)  174-0 (5-8) 174-1 (5-0)
164-0 —-184-5 164:2 —-190-1 163-7 -182-8 163-6 -184-0
Age at take-off (years) 10-71-0-85) 10-85 (0-85) 11-15 (1-05) 10-46 (0-77)
8-63—- 12-43 8-75- 12-41 8-61- 13-44 8-67- 11-93
Height at take-oft (cm) 138-9 (5:9)  139:7 (6-2) 1410 (6-5) 1377 (5-8)
126-5- 148-3 127-2 -148-6 126-4 -152-9 126-7 -146:6
Velocity at take-off (cm/yr) 4-51 (0-60) 4-50 (0-52) 4-66 (0-58) 3-98 (0-52)
3-40- 5-94 3-57- 5-59 3-66- 5-94 3-05- 5-01
Age at peak height velocity (years) 14-17 (0-91) 14-23 (1-01) 14-36 (0-99) 13-62 (0-82)
11-90- 16-24 11-85- 15-52 11-94- 16-70 11-60- 15-32
Height at peak height velocity (cm) 1595 (5-5 1597 (5-6)  160-8 (5-6)  155:8 (5-5)
149-4 -168-4 149-2 -166-6 149-5 -170-7 150-7 -163-8
Peak height velocity (cm/yr) 8:23 (1-17) 8-38 (1-40) 8-72 (1-03) 822 (1-33)
5-63- 10-02 4-90- 10-69 5-63- 10-25 5:52- 10-42
Height increase, take-off to PHV (cm) 20-5 (2-6) 20-1 (4-0) 19-7 (29 18-1 (21
16-3 - 26-0 115 - 24-1 15-4 — 25-4 139 - 22-4
Velocity increase, take-off to PHV 3-71 (0-93) 3-88 (1:17) 4-05 (0-85) 4-24 (1-13)
(cm/yr) 0-86- 5-54 0-39- 6-16 0-75- 5-54 1-38- 5-97
Percentage adult height at take-off 796 (2:3) 799 (2-95) 81-1 (2-6) 791 (2-1)
75-3 - 83-8 74-7- 85-0 75-3- 85-4 75-3 - 838
Percentage adult height at PHV 91-3 (1-0) 91-4 (1-3) 92-4 (1-2) 895 (1-0)
89-4 — 93-2 84-5 - 92-8 894 — 94:2 88:1 - 91-9
N 35 20 35 35

Table 11. Biological parameters for the boys; calculated from the function parameters of each model. Values
given are the mean, with the standard deviation of the distribution in brackets. Under each mean the range of
values is given. As before, only the children in whom successful fits were achieved are reported under Model 2.
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Model 1 Model 2 Maodel 3 Model 4
Adult height (cm) 163-4 (5-1) 163:6 (4-1) 163-2 (4-9) 163-5 (4-8)
1536 -172-8 154-8 -168-7 153-5 -171-3 152-9 —-169-1
Age at take-off (years) 8-96 (0-70) 8:93 (0-62) 9-05 (0-82) 8-66 (0-89)
7-7 - 10-01 7-89- 9-97  8-05- 10:92  7-63- 9-60
Height at take-off (cm) 129-9 (6-3) 1302 (6-3) 130-9 (6:7) 1279 (6-2)
118-2 -142-1 120-3 -141-9 118-6 -144-8 115-8 -139-9
Velocity at take-off (cm/yr) 5-19 (0-43) 5:26 (0-49) 529 (0-39) 4-58 (0-43)
4-33- 6-24 4-50- 6-46 4-66- 6-24 3-74- 5-66
Age at peak height velocity (years) 11-87 (0-74) 11-90 (0-82) 12-01 (0-85) 11-36 (0-94)
10-31- 13-21 10-32- 13-44 10-35- 13-75 10-51- 12-69
Height at peak height velocity (cm) 148-3 (5'1) 148-4 (5-1) 149-2 (5:2) 145-0 (5-5)
137-0 -157-1 139-3 -157-4 137-4 -155-4 133-8 ~154-2
Peak height velocity (cm/yr) 7-47 (0-76) 7-56 (0-95) 750 (0-76) 7-91 (0-75)
6-12- 9-27 6:09- 9-52 6-12- 9-27 6:60— 9-59
Height increase, take-off to PHV (cm) 18:2 (2-6) 18-2 (3-4) 18-2 (2-8) 171 2-0)
13-9 - 22-0 136 - 24-8 13-9 - 24-0 13-3 - 20-1
Velocity increase, take-off to PHV 2-28 (0-86) 2-38 (1-08) 2-21 (0-86) 3-33 (0-85)
(cm/yr) 0-94- 3-86 0-90- 4-14 0-73—- 3-86 1-84- 5-01
Percentage adult height at take-off 79-4 (2-4) 79-8 (2-4) 80-2 (2-5) 784 (2+5)
76-3 - 84-2 75-8 - 84-1 76-3 — 85-9 75-2 - 82-7
Percentage adult height at PHV 90-7 (1-0) 90-9 (1-0) 91-4 (1-2) 888 (1:7)
89-2 - 92-3 88-9 - 93-3 90-2 — 94-2 874 - 912
N 23 17 23 22

Table 12. Biological parameters for the girls; calculated from the function parameters of each model. Values
given are the mean, with the standard deviation of the distribution in brackets. Under each mean the range
of values is given. As before, only the children in whom successful fits were achieved are reported under Model

2 and Subject 121 is excluded from the values under Model 4.

were compared to a weighted mean of the estimates from Models 1-3. These took

the form

Contrast=Y A,x;

with A, =2, =A;=+1and A,=-3.
The standard error (SE) of the contrast was given by

SE=+/(s* ¥ A2/n),

where s was the pooled estimate of the within-model variance for any particular
parameter. Table 13 gives the results of these contrasts. Clearly, Model 4 gave con-
sistently lower estimates for velocity at TO; height at PHV; height increase, TO to
PHV; and percentage of adult height at PHV, but higher estimates of the velocity
increase, TO to PHV.

Apart from these differences, the estimates were remarkably consistent from all
four models.

One parameter in particular has generally been poorly represented by these
types of models; this is the magnitude of PHV (Tanner et al., 1976). Graphical
estimates of age at PHV and PHYV itself were available on 18 boys and 9 girls of the
overall sample (kindly provided by Mr. R. H. Whitehouse). The mean values of
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Contrast  S.E. Contrast t
Boys
Velocity at take-off (cm/yr) 1-73 0-38 4-48
Height at peak height velocity (cm) 12-6 3-29 3-83
Height increase, take-off to PHV (cm) 6:0 1-61 3-73
Velocity increase, take-off to PHV (cm/yr) —1-08 0-62 —-1-75
Percentage adult height at PHV 6-6 0-73 9-03
Girls
Velocity at take-off (cm/yr) 2-00 0-19 10-50
Height at peak height velocity (cm) 10-90 2-28 4-78
Height increase, take-off to PHV (cm) 3.3 1-18 2-80
Velocity increases, take-off to PHV (cm/yr) —3-12 0-45 —6-93
Percentage adult height at PHV 6-6 0-55 12-00

Table 13. Comparison of Model 4 estimates with those from Models 1, 2 and 3 for the
five “biological” parameters showing evidence of different means between models
by one-way analysis of variance. See text for details.

these estimates are shown in table 14, together with the means of the same individuals
obtained from the four models. Concordance was very good for age at PHV but,
once again, the estimates of PHV from the models tended to be rather lower than the
graphical estimates. The difference was significant at P<0-001 by paired t-test for
both sexes when the highest model mean was compared to the graphical mean.

Finally, the relationship between the model parameters and the biological para-
meters was investigated. The simple approach was to study the correlations between
the two types of parameter, within each model. Interpretation had to be cautious,
however, as many of the biological parameters were linear combinations of each other.
If large numbers of such dependent variables were considered, there would have
been linear dependence in the correlation matrix. This potentially leads to consider-
able errors and, for this reason, a limited number only were considered.

Graphical Model 1 Model 2 Model 3 Model 4
Boys
At at PHYV (years) 13:83 (0-87) 13-77 (0-32) 13-63 (0-87) 13-92(0-89) 13:32 (0-75)
PHYV (cm/yr) 9-62(1-11) 8-69(1-21) 9-11(1-59) 8:93(1-11) 8:62(1-35)
Girls
Age at PHV (years) 11-82(0-82) 11-80(0-77) 11-83(0-85 11-97 (0-90) 11-34(0-95)
PHV (cm/yr) 8:32(0-85) 7-58(0-84) 7-62(0-98) 7-61(0-80) 7-92(0-81)

Table 14. Comparison of means of graphical estimates of PHV and Age at PHV with estimates
from the four models. Standard deviations are shown in brackets.

Tables 15-18 show such correlations for each model. It can be seen that in Model
1, 4 and A,y were principally associated with the height at PHV and, to a lesser extent,
height at TO, whereas s, was mainly associated with growth velocity at TO. The other
rate constant, s,, was related to the velocity at PHV; 6, although highly correlated
with several parameters, was principally associated with age at PHV.

In Model 2, the picture was more obscure, possibly because of the smaller num-
bers of individuals, and there was less concordance between the sexes. The only
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really firm associations were those of s, and Ay, as in Model 1. The same was also
true in Model 3 but p, and p, were not very definitely associated with any biological
parameter, especially in boys. The third rate constant, g,, was correlated with ages
of TO and PHV as was 6.

There was, therefore, no very clear picture to be drawn from these three related
models, although it seemed that in Models 1 and 2, s, may reflect behaviour of the
growth curve near TO and s, (and s,’) that near PHV. The parameters 4, and /g
were clearly the main determinants of absolute size, as would be expected.

In Model 4, fand a, were associated with the two height parameters (at TO and
PHYV), b, essentially represented velocity at TO and b, that at PHV. There was no
ready interpretation of c,, but ¢, was identical with age at PHV.

Age at Ht at Vel at Age at Ht at Vel at

TO TO TO PHV PHYV PRV
hy 0-01 0-73 0-25 0-08 0-95 0-09
0-09 0-78 0-26 0-01 0-95 —0-02
he 0-21 0-87 0-11 0-23 0-99 —0-06
0-20 0-91 0-29 0-01 0-99 —-0-12
So 0-04 0-12 0-44 —-0-30 —0-06 0-25
0-24 0-60 0-55 —0-34 0-30 —-0-14
Sy 0-08 0-01 0-09 —-0-20 —0-10 0-60
0-21 0-29 —-0-01 -0-10 0-18 0-53
0 0-90 0-51 —-0-78 0-99 0-30 -0-78
0-82 0-04 —0-56 0-97 0-06 —0-38

Table 15. Correlations between Model 1 parameters and a selection of “bio-
logical” parameters.

The upper values represent boys and the lower girls.
r (x=0-01) for the boys and girls was 0-43 and 0-53 respectively.

Age at Ht at Vel at Age at Ht at Vel at

TO TO TO PHV PHYV PHV
hy 0-05 0-71 0-27 —0-03 0-83 0-13
0-11 0-81 —0-09 —-0-04 0-95 0-05
he 0-17 0-91 —0-02 0-18 0-93 0-14
0-12 0-81 0-17 0-19 0-86 -0-02
So 0-23 0-24 0-35 —-0-39 —-0-20 0-46
0-17 0-26 0-63 0-31 —~0-48 0-21
51 0-22 0-24 0-21 —0-51 —-0-27 0-66
0-03 0-01 6-23 —0-06 —0-54 —0-13
6 0-29 0-04 —-0-43 0-83 0-32 —0-87
0-17 0-21 —-0-23 —-0-11 0-72 0-14
Y 0-14 0:25 0-18 —-0-54 —0-:20 0-57
0-01 —-0-07 0-17 —0-01 —-0-57 —-0-19

Table 16. Cotrelations between Model 2 parameters and a selection of “bio-
logical” parameters.

Conventions as for table 15.
r (x=0-01) for the boys and girls was 0-56 and 0-61 respectively.
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Age at Ht at Vel at Age at Ht at Vel at

TO TO TO PHV PHV PHV

hy 0-05 0-71 0-22 0-08 0-93 0-08
0-16 0-82 0-22 —0-02 0-94 0-06

he 0-28 0-86 0-07 0-29 0-99 —-0-13
0-40 0-92 0-22 0-16 0-98 —0-13

Py —0-20 —0-09 0-18 -0-31 —0-16 0-11
—-0-23 0-28 0-46 —-0-55 0-12 0-04

Py 0-26 0-17 0-04 0-29 0-14 —0-25
0-6t 0-21 0-03 0-57 0-18 —-0-29

01 0-44 0-16 —0-31 0-34 0-01 0-25
0-56 0-30 —-0-17 0-45 0-31 0-35

9 0-94 0-60 -0-73 0-99 0-37 —-0-71
0-85 0-13 —0-41 0-98 0-18 —-0-34

Table 17. Correlations between Model 3 parameters and a selection of “‘bio-

Conventions as for table 15.

logical” parameters.

r (x=0-01) for the boys and girls was 0-43 and 0-53 respectively.

Age at Ht at Vel at Age at Ht at Vel at

TO TO TO PHV PHYV PHV

f 0-11 0-78 0-27 0-14 0-95 0-14
—-0-10 0-79 0-30 —-0-17 0-93 0-06

a; 0-52 0-95 —0-05 0-45 0-91 —-0-15
0-23 0-94 0-27 0-00 0-96 —0-05

by —0-04 0-13 0-71 —0-40 0-13 0-63
0-23 0-26 0-41 —-0-22 0-05 0-14

cy 0-38 0-33 0-54 —-0-01 0-25 0-49
0-73 0-33 0-31 0-30 0-09 0-01

b, 0-16 0-12 0-18 —0-25 0-01 0-68
0-33 0-37 —-0-02 —0-02 0-27 0-63

c2 0-87 0-43 —0-62 1-00 0-29 —0-65
0-83 —0-01 —Q-46 1-00 —0-08 —0-43

Table 18. Correlations between Model 4 parameters and a selection of “‘bio-

Conventions as for Table 15.

logical” parameters.

r {(x=0-01) for the boys and girls was 0-43 and 0-54 respectively.

4. Discussion

17

It has been shown that it is possible to develop a family of mathematical functions
that will describe the human growth curve. The method of derivation has been
purely empirical and has made no pretence to true biological meaning. Neverthe-
less, the parameters do relate, in some instances closely, to empirically determined
biological ones. The whole family (Models 1-3) generally simulated the shape of the
individual growth curve better than anything else available at the present time, and
certainly better than the only other model explicitly studied, that of Bock et al.

(1973).

A.H.B.
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Model 2, in its present parameterization was really too ill-conditioned for general
use. Even with the re-parameterization mentioned in the Appendix, the RSS surface
was clearly irregular with many local minima and probably an extremely attenuated
“trough” leading to the true minimum. This latter point was suggested by the slow
convergence in some individuals. It is possible that manipulation of the minimiza-
tion routine could have circumvented the problems. Alternatively, use of a different
algorithm, such as the simplex method of Nelder and Mead (1965), might have im-
proved the situation. However, the purpose of this project was to develop robust
models that were readily fitted, rather than prima donnas that required great and
individual care. For this reason we have not pursued the matter further.

From the results of the successful fits with Model 2, it would appear that the a
priori assumption of y=1 in Model 1 was invalid. However, this could be looked at
from another angle; the two models may be considered as quite distinct, one with
five parameters and the other with six. The merits of each can be assessed by their
performance when applied to data and from this standpoint, the merits of Model 1
are obvious and Model 3, with one extra parameter, did at least as well.

Model 1 was remarkably well conditioned, converging rapidly in all cases. No
parameter was ever less than four times its standard error and, in most cases, (es-
pecially %, hy and €) the estimates were 20 or more times their standard errors.
Model 3 was similar except when p, and p, were equal and the model reduced to
Model 1.

Model 4 was generally well behaved but was slow to converge if the data were
scanty near adult height. In only six cases did it give a better fit than the Model 1,
as judged by the RMS.

In all four models, some degree of auto-correlation of the residuals was found.
It was worst in Model 4 and least in Model 3. The runs test was not without its draw-
backs in this situation, as it did not take account of the size of the residuals—in most
cases in this study they were very small and often within the measuring error of the
original data. Some clarification was sought utilizing the Durbin-Watson statistic
(Durbin and Watson, 1971) but the results were such as to alter the picture only
marginally, suggesting that correlation among the residuals was slightly less fre-
quent than the simple runs test suggested.

The very nature of this type of data will tend to encourage auto-correlation. By
definition, A, > h,_, and if this constraint was not met at the time the data was collected,
then the measurement would have been checked. On the other hand, a rather high
measurement may have gone unchecked and this differential could have led to some
bias in the data. To this should be added the generally observed cyclical fluctuations
in growth rate, some seasonal and some not, which no model could hope to imitate
unless there were a very large number of parameters. For these reasons, it was thought
more useful to study whether there was any gross pattern to the residuals, such that
some particular part of the curve was under or over-estimated. In general, Model 2
and 3 did not show any particular trend and Model ] tended to under-estimate in
the early part of the curve and then over-estimate until 75 per cent of adult height.
Model 4 was worst, both in terms of regular trends and the absolute magnitude of
the residuals.

On balance, if a degree of auto-correlation could be accepted, then all the first
three models gave acceptable representations of the growth curve. The main problem
of the auto-correlation is the effect upon variance estimates of the parameters and the
subsequent statistical tests. Watson (1955) indicated that ignored correlations could
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lead to deceptively small variance estimates. For this reason, all the significance
levels quoted here should be considered as approximate and, potentially, as “over-
significant™.

Turning to the actual parameter estimates, a few general points may be made. As
already said, the estimates were generally of low residual variance, especially in
Model 1, and consistent when convergence was started from different values, (with
the exception of the 21 individuals who failed to converge in Model 2). Little can be
said about the distribution of the parameters because of the low numbers, but there
seemed to be no evidence of marked non-normality.

As stated under Results, it was difficult to attribute simple biological meaning to
the parameters in any of the models. It was possible, however, to make a few obser-
vations. In Models 1 and 2, s, and s; were certainly related to prepubertal velocity
and PHYV respectively, as might be expected from the original structure of the model.
These parameters were the lower and upper asymptotes of s and therefore governed
the changing rate at which A approached #4,.

The height parameters 4, and h, were clear in their biological meaning and #
was obviously very near to age at PHV, with which 1t was highly correlated. This
pattern held in all the first three models.

In conclusion, it would appear that there were two candidates for consideration
as useful, new, mathematical models for growth curves. These were Models 1 and 3.
Model 3 offered somewhat greater flexibility and had the useful property of reducing
to Model 1 when the extra parameter was unnecessary. It never gave a less satis-
factory fit to the data than Model 1. However, the attraction of Model 1 remains its
extreme robustness and simplicity; it contains only five parameters and has a par-
ticularly simple functional form. Moreover, over the time domain, two years to
maturity, it can be expressed in the differential equation form:

dh
5=50 .« (=)

s

—=(s;—8)(s—3s

—=(51=9)(s=50)

in which the number of unknown parameters is reduced to three; %,, s, and s,.
Exploration of younger ages was not possible with the data used but would be a
worthwhile area for more investigation.

Acknowledgments

We would like to thank Professor J. M. Tanner for helpful discussions and for
allowing us to use the Harpenden data. Useful comments on our ideas were given by
Professors R. N. Curnow, M. J. R. Healy and W. A. Marshall. We would like to
thank Jan, wife of M.A.P. and sister of M.J.B., for bringing us together!

Appendix

Derivation of a family of descriptive growth functions

The derivation of the growth functions is described here in a series of stages to
indicate the reasons behind the various assumptions that have been made. Because
of the previous successful fitting of the upper, adolescent region of the growth curve
by the logistic function, this is taken as the starting point of the analysis.
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The logistic function has usually been fitted in the form:

K

h=P4———
+ 1+ exp (a—bt)

(1

P, K, a and b being the parameters. However, for comparison with later analysis,
it is convenient to state it in the following form:

_JYo eXp [yyo(t—01+y, exp [yy.(t—6)]

2
b lryol— 01+ oxp 71— )] @

where vy, yo, ¥, and 8 are parameters related to the previous ones by:
yo=P,y=P+K, y=b/K and 0=a/b

The curve described by this function is shown in figure A.1 where y,, ¥, and 8
are explicit in their meaning; y is proportional to the slope of y at t=290, the value
about which y is centred.

y(t)

Yy

Yo

(5]

Figure A.1. The general form of the logistic function defined in equation (6). Note that
(:l—}; =y(yo—y1)?, which is represented by the broken line.
=0
In what follows, we rely strongly on the fact that the expression (2) is the solution
of the differential equation:

d
=701 =20 0) ®

Since the logistic function of (1) or (2) fits the latter part of the growth curve
well, the height at time ¢, A(¢) may be expected similarly to satisfy:

dh

5= =Bt —ho) @

in this region. The constant 4, is immediately identifiable as adult height and the
solution is the expression (2) with y replaced by 4. The growth curve derived from
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this model is shown in figure A.1 and obviously cannot adequately describe the lower,
pre-adolescent part of the curve. It might, however, be expected that the differential
equation (4) would remain valid for large values of ¢.
Let us write (4) as:

dh

— _s(h)(h1 —~h) 5
where s(h)=y(h—hy).
The form of s(k) is a logistic function with zero as its lower asymptote. However,
studying the behaviour of s(%) from a sample of real data, using the relationship:

dh
sW=7 - (hll_ » ©)

(dh/dt being derived numerically) the form of s(%) was found to roughly approximate
a sigmoid shape with a non-zero lower asymptote. Examples are shown in figure A.2.
This suggested that the function s could be taken as a logistic function.

1.2

// /

// //

—l)

(years

s(t),

8 10 12 14 16

AGE (years)

Figure A.2. Examples indicating the rough shape of the function s(t)=s(k), as defined by
equation (15). Each curve represents values for s(¢) obtained for a single individual.

Considering now s as a function of time, rather than of height, and therefore
expressing it as s(f), the following system of differential equations is obtained:

dh

PPl OR Gl 0]

ds

a——y(sl—S)(S S0) ®)
RIGHTS
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In words, if s is given logistic properties then in (7) the rate at which /4 approaches
hy (i.e. dh/dr) is governed by the distance 4 is below /; and a function, dependent
on time, that has a central period of rapid acceleration. Therefore, at ¢ near zero the
growth velocity is the product of some small constant and (4, — /), but subsequently
s rapidly increases to a new, upper asymptote producing the appearance of the
adolescent growth spurt.

To obtain s as a function of ¢, explicitly, equation (8) is integrated (cf. equations
(2) and (3)) to give:

s=s0 exp [yso(t—0)]+s, exp [ys,(1—0)]
exp [yso(t—0)]+exp [ys(t—6)]

Integration of equation (7) is straightforward since

®

d 1 d
’C‘l‘t[ln (m):l == [In {exp [yso(t—0)]+exp [ys:(z— )]} /7] (10)

which leads to:

1 1
In (m) =In {exp [yso(t— 0)] +exp [ys (t— D/ +1n {m}, (1D

the last term being the constant of integration, for which A=A, when ¢=9.
Gathering terms and simplifying produces:

~ (hy—hy)
3 exp [ysoli— O]+ oxp [ys:(— )} /7

We refer to this function as Model 2. The corresponding model, when y=1,
namely,

h=h1

(12)

_ 2(hy —hg)
1 exp [so(t—0)1+exp [s,(z—6)]

will be referred to as Model 1. It can be shown that y must be close to 1 to make
Model 2 approach the logistic form expected for large values of ¢, and taking y=1
in fact produces a very good model, irrespective of its connection with Model 2.

There are only five parameters in Model 1, two height parameters %, and h,
(adult height); a time parameter, 6, and two rate constants s, and s, having the
dimensions of inverse time. The function s for this model has the form

(13)

s=so exp [so(t—0)]+s, exp [s;(—6)]

(19)
exp [so(t— )] +exp {s,(z—0)]
and the velocity function is
dx 2(hy —hg){so exp [so(t—0]+s, exp [s,(t—O)]}
—=s(Dh, =)= 15
a = O = o= O Texp b= O)]) =
For both Models 1 and 2 the acceleration function is
d?h ds dh
— = (h,— - 16
T h)+s< dt) (16)
=y(hy—h)[ 25>+ (50 +51)5— 505, ] a7
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The positions of maximum and minimum growth velocity. are obtained when
the r.h.s. of the acceleration function is put equal to zero. Apart from the trivial
solution, when A=/h,, the values of s at these points are the solutions of

52 —3(so+51)5+4505;=0 (18)
giving:
s=4(So+51) £V {E(so+5,)> — 15051} (19)

We can therefore obtain analytically, from (9) or (14) age at “take-off” and peak
height velocity and, subsequently, height, velocity, etc. at these points.

As preliminary studies showed high correlations between s, and y a minor re-
parameterization was carried out such that Model 2 was finally studied in the form:

~ (hy—hy)
T exp [yso(t— )]+ exp [, (1— O] 17

Improvements to Model 1 can be made in a different way. Further flexibility in
the model may be expected if the function s(z) is not necessarily symmetric. If s in
(9) is taken as the sum of two logistic functions with different parameters, then it
will be asymmetric in general and the fit might be improved; the mathematical
analysis remains straightforward.

Writing s=p +¢ where

h=h (12 a)

d
A (g, —-9)g—q0) (20), (21)

dp
T (P1—p)P—Po), &

and assuming unitary constants of proportionality, as in Model 1, we obtain

d
p=g; lIn{exp [po(t=0)]+exp [pi(t=O)]] (22)

d
g=7, lIn{exp [go(t—6O)]+exp [g:(1 = O3], (23)

although strictly the 8 need not be the same for both p and ¢q. Solving (7) with the
modifications to s, now yields:

~ 4(hy —hy)
" {exp [poli=0)1+exp [p, (1= O)Hexp 907 0)+exp [, (1= )T}

Although there are two further parameters in (24), it was discovered that one (e.g.
do) could be set equal to zero without seriously affecting the generality.
4hy—h
h=h1 _ ( 1 0) (25)
{exp [po(t—60)]+exp [py(t—O)IH1 +exp [g:(1— )]}
We refer to this model as Model 3; note that if po=p,, Model 1 is regained.
This function does not, however, provide an analytical solution for the maximum
and minimum velocities, as there is no simple, analytical expression for the roots of
the equation

h=h (24)

o Po €XP [Po(t—0)+py exp [p1(t—6)] goexp [go(t—0)1+g: exp [4:(:—6)]
exp [po(t— )] +exp [ps(t—6)] exp [go(t— )} +exp [g,(r—6)]
when s is given by (19).

(26)
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Zusammenfassung. Eine neue Familie von mathematischen Funktionen fiir Lé#ngsschnitt-
Wachstumsdaten wird beschrieben. Alle ihre Mitglieder leiten sich ab von der Differentialgleichung
dh/dt=s5(t) . (h,—h), wobei h; die erwachsene GroBe und s(r) eine Zeitfunktion ist. Die Form von
s(t) wird durch eine von vielen Funktionen gegeben, wobei alle Differentialgleichungen sind, so dafl
sie eine Familie von verschiedenen Modelien ergibt.

Drei Versionen werden verglichen. Bei allen wurde gefunden, daB sie den fritheren Modellen
tiberlegen sind. Modell 1, bei dem s(z) durch ds/dt=(s;—s) (s—s,) definiert war, war besonders
genau und robust und enthielt nur 5 Parameter zur Beschreibung des K6rperhthenwachstums vom
Alter zwei bis zur Reife.

Abgeleitete ,,biologische” Parameter wie hdchster KorperhShenzuwachs waren bei diesen drei
Mitgliedern der Familie sehr stabil, unterschieden sich aber in einigen Fillen signifikant von vorher-
gehenden Schitzungen.

Résumé. Une nouvelle famille de fonctions mathématiques destinées a s’ajuster aux données longi-
tudinales de croissance est décrite. Tous ses membres décrivent de I’équation différencielle di/dt=
s(2) . (hy—h) ol h, est le format adulte et s(¢) une fonction du temps. La forme de s(r) est donné par
I'une de nombreuses fonctions, toutes des équations différencielies, et engendre ainsi une famille
de modgles différents.

Trois versions ont été comparées. Toutes ont été trouvées supérieures aux modeles précédem-
ment décrits. Le modele 1, dans lequel s(¢) est défini par ds/dt=(s;—s)(s—s,), est particulierement
adéquat et robuste tout en ne comportant que cing paramétres pour décrire la croissance staturale de
deux ans & la maturité.

Des paramétres “biologiques™ dérivés tels que la vitesse au pic de croissance en hauteur se mon-
traient trés consistants de I'un & Pautre des trois membres de cette famille, mais dans certains cas ils
différaient significativement des estimations antérieures.
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A new family of mathematical models describing the human growth
curve—Erratum: Direct calculation of peak height velocity, age at

take-off and associated quantities

Adrian Sayers', Mike Baines® & Kate Tilling'

'School of Social and Community Based Medicine, Faculty of Medicine and Dentistry, University of Bristol, Bristol, UK, and
’Department of Mathematics and Statistics, University of Reading, Reading, UK

A new family of mathematical functions to fit longitudinal
growth data was described in 1978. The ability of researchers
to directly use parameters as estimates of age at peak height
velocity resulted in them overlooking the possibility of directly
calculating these quantities after model estimation. This
erratum has corrected three mistakes in the original
manuscript in the direct calculation of peak height velocity and
age at take-off and has implemented the solutions in a STATA
program which directly calculates the estimates, standard
errors and confidence intervals for age, height and velocity at
peak height velocity.

Keywords: Growth model, peak height velocity, Preece Baines

ERRATUM

Preece and Baines, in their original 1978 article (Preece and
Baines 1978), proposed three new mathematical models of
human growth. Model 1, described as their simple and
robust model, has become popular and widespread in its
simulation of childhood growth, and their original paper
has been cited in excess of 300 times.

Uniquely, the models were derived from a differential
equation dh/dt = s(t)-(h; — h), where h; is adult size and
s(t) is a function of time satisfying the logistic differential
equation ds/dt = (s; — s(¢))-(s(t) — s), where sy and s, are
parameters.

The utility of these models was partly due to the
correlation between the estimated parameters and suggested
biologically meaningful time-points including age at peak
height velocity (PHV) and age at ‘take off’ (TO, onset of
rapid pubertal growth). Suggested interpretations of each
parameter are given in the original paper (Preece and Baines
1978). Of the three models proposed, only two had
analytical solutions to these meaningful time points, and the
errata concerns these calculations.

The two models of & = height and t = time which we
address are described as model 1 and model 2 in the original
paper. Model 2, see below, describes height in six
parameters, and Model 1, see below, is a special case of
model 2 when y =1 (as 7y is now constant it ceases to be a
parameter and, therefore, model 1 describes height in five
parameters). For Model 1, the form was

2(hy — hy)

h=h —
Y (explso(t — )1+ explsi(t — 0)])

(6]

while for Model 2,

(h1 — hg)
(% exp [yso(t — 0)] +3 exp [ys(t — 9)])1/«/

h:hl_

Model 2 was less successful in reaching convergence and,
therefore, the use of the more parsimonious model 1 was
preferred.

Whilst applying these models to the analysis of height
data, we have found three errors in the original paper.
The first error, which concerns the acceleration function,
is applicable to both models 1 and 2.

The acceleration function, obtained by differentiating
dh/dt, is

dh

2
dh_ds g, —h>+s<——) 3)

dr2  dr dr

The original paper suggests that, after the substitution
of dh/dt (the derivative of height with respect to time, t,
i.e velocity),

dh
T s(t) = (hy = h) 4)
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and ds/dt (derivative of s with respect to time, t)

d
d—j = y+ (s — 5)(s — ho) (5)

the acceleration function is equal to

d*h

2 = =[2Gt s s ] (6)

However, the correct expression for the acceleration is in fact

dh

drz (h = W{(¥[(so +s1)s = 5051 = s*]) = s*} (D)

This acceleration expression simplifies in the special case
of model 1 (when y = 1) to the expression

d?h

= =D s —wn]  ®)

given in the original paper (note that this expression does
not include the parameter 7).

The second error we have noted, which is applicable
to model 1, occurs in the process of calculating age at peak
height velocity/take-off.

In the case of model 1 the acceleration function
(Equation 8) is set equal to zero and solved for s. Apart
from the trivial solution when h = h,, it follows that

1 1
s?— E(SO + s1)s +55051 =0 9)

which the original paper suggests can be solved to give

1 1 1
521(504-51) * \/{1(504‘51)2_55051] (10)

However, after applying the general solution to a quadratic
equation and gathering and simplifying, we find that the
correct solution is:

1 LI g 0
5—1(504‘51)— 1(504-51) %81 (11)

As Equation (8) does not generalize to model 2,
Equation (11) is also not appropriate for model 2.

The third error stems from this lack of generalization.
The acceleration function (equation 7) (which is general-
izable to both model 2 and model 1 assuming y = 1), can be
further manipulated into the form

d*h

—7 = U = W{s* (=1 = 9) syt +50) = yosi} (12)

which is easily solved. After setting the right hand side
to zero and ignoring the trivial solution when h = h;, the

© Informa UK, Ltd.

general solution to a quadratic equation is applied and,
after subsequent simplification and gathering procedures,
we find that

o= Yot ) E VY200 = ) H4ysesi

13
(—2-2y) (13)
Substituting s from Equation (13) into Equation (14),
i So exp (yso(t - 0)) =+ 51 exp (ysl(t - 9)) (14)
exp (yso(t — 0)) + exp (ysl(t - 6))
and solving for t,
log. | — (s : s1)
=0+ ( (s 50)) (15)

Y(so — s1)

allows the calculation of time (age) at PHV to be calculated.

Once the time of PHV/TO is known, t may be substituted
into either model 1 or 2 (Equation 1 or 2) and, thus, height
at PHV/TO may be calculated. Similarly once the height
at PHV/TO is known and S from Equation (13) is known,
these can be substituted into Equation (4) to calculate
velocity at TO and PHV.

Thus, the growth traits previously mentioned can be
calculated directly, rather than by using the parameters (and
their standard errors) estimated from the model as proxies.

With the advances in statistical computation it is now
possible to automatically calculate standard errors of these
derived parameters by applying the delta method, instead
of conducting a one-step Taylor series expansion manually.
Therefore, intervals and limits are easily available for the
analytic calculations of age at peak height velocity and age
at take-off. The solutions to the previous expressions have
now been implemented into STATA (STATA 2011) package,
which utilizes nl1 and nlcom routines, which yield
parameters, standard errors and confidence intervals.

These corrections and advances in statistical software
should enhance the ability of researchers to derive
biologically meaningful growth parameters from sequential
height data using either of the first two original Preece-
Baines models.

The STATA program pbreg is available from the authors
and from the SSC archive.
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